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Abstract-This paper studies a new kind of structure called scator, which has been 
successfully used to model concentrations of solutions and fluid flow problems, and 
has potential for applications in dynamic modelling in economics. 
1. INTRODUCTION 
In a very general way, we speak of lumping of parameters whenever several more or 
less independent parameters are grouped together (lumped) into a new structure. As an 
obvious example, we consider n independent scalars forming a vector, in this case an 
n-tuple. The study of vector spaces is well developed and known. More generally, a 
matrix can be considered as a set of n X m elements lumped together into a well 
established new structure. 
In the present study we go a step further by defining a new structure made up of a 
scalar and a vector following the rules of a new algebra. The structure is conveniently 
called a SCAlar-vecTOR, i.e., a SCATOR. 
A special case of stators was first introduced in the study of certain problems of air 
pollution (cf. [l] and [2]). So far no other applications of stators are known, although 
there seems to be a very powerful potential for applications in other disciplines. 
Lumping in a more general form has been studied but to our knowledge nothing has 
been published along this line. 
2. BASIC DEFINITIONS 
Let J be the set of nonnegative integers, and with a, b E J, u <b, J(a, b) = 
[a, a + 1, a + 2.. . b - 1, b]. Let C be the set of complex numbers and V the set of 
n-vectors, i.e., if (Y, p E V, then (Y = [a(l), o(2). . . a(n)], j3 = [p(l), p(2). . ./3(n)], and 
for m E J(1, n), a(m), /3(m) E C, and 
and /3(m) is the complex conjugate of p(m). If /3(m) is real then clearly P(m) = P(m). 
Throughout the paper the superscript T means transpose, i.e., if (Y is a horizontal 
vector then aT is a vertical vector, and vice versa. 
Let (Y, p, S E V, and p, q, r E C, we define stators S = S[p, a], T = T[q, B], U = 
U[r, S] to have the following properties: 
(i) Equality: S = T, iff p = q, and (Y = fl; 
(ii) Sum: S + T = U, iff p + q = r and S = f(p, q, a, p), so that S + T = T + S, which 
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implies fhh 4, a, PI = f(q, P, P, a); 
(iii) Zero: S = 0, iff p = 0 and (Y = 0, thus S + 0 = S, which implies that f(p, 0, a, 0) = 
a; 
(iv) Additive inverse: To every SZ 0, we associate (-S) such that S +(-S) = 0. If 
(-S) = S[p’, a’] then clearly p’ = -p, and f(p, -p, Q, cu’) = 0. We note that stators are 
linear homogeneous functions of the constituent vectors. 
It follows from the preceding properties that the vector function f satisfies the 
following conditions: 
(C) 
r cc,> 
- (Cz) 
1 (C,) 
f(P, 47 a, PI = f(% P, P, a) 
f(P, 0, a, 0) = NO, p, 0, cu) = ff 
f(P, -P, a, a’) = f(-P, p, (Y’, a) = 0 
S, T, and U so defined are called stators and belong to the space R, i.e., S, T, U E a. 
The so far undefined elements are the vector function f and the vector (Y’. We assume 
that (-S) E R. 
3. EXAMPLES 
(a) We consider first the trivial case f(p, q, (Y, p) = (Y + p, which clearly satisfies the 
conditions (C) and for which (Y’ = -(Y, so that (-S) = [-p, -a], and S + (-S) = 0. In this 
case the scator S reduces to an n + 1 dimensional vector S(p, cy) = 
[P, a(l), a(2). . . a(n)I. 
(b) We consider next the case where 
HP, 9, a, P> = $$-$@T 
which implies that 
S(P, a) + S(4, PI = S(P + 4, W). 
(1) 
The conditions (C,) and (C,) are clearly satisfied since in Eq. (1) q = 0, and p = 0 yields 
f = a, and in Eq. (2) we obtain S + 0 = S. For condition (3), we simply assume that 
(Y’ = -CK. and obtain 
s + (-8 = S(p, a) + S(-p, -(u) = s(0, p2$ “)) = S(0, 0) = 0. 
It is immediately seen that the preceding results can be obtained for the more general 
function 
There exists clearly an infinite number of functions f satisfying the conditions (C). 
The function can be chosen according to the structural necessities of the model it will 
represent. 
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The model of this example was the original reason for the introduction of stators (cf. 
[l]), although our example is somewhat different from the original presentation. 
Consider a set of substances A(l), A(2). . . A(n), all soluble in a same solvent. Let 
s(l), s(2). . . s(k) be solutions of these substances, and let v(l), u(2). . . u(k) be the 
volumes of the solutions under consideration. Let m(i, j), where i E J(1, n) and j E 
J(1, k), be the mass of A(i) contained in the solution s(j). We assume that under none of 
the circumstances under consideration will any of the solutions be saturated. 
Let 
g v(i) = V(t), t E J(1, k) (4) 
and 
2 m(i, j) = M(t, j) (5) 
and let cu(i, j) be the concentration of A(i) in v(j), i.e., 
cu(i, j) = m(i, j)Mj). (6) 
Assuming that no chemical reaction occurs between the different substances A(i) 
when in solution is the given solvent, we mix together the solutions s(l), s(2). . . s(t), 
t E J(1, k). The concentration in A(i) in the mixture will be 
P(i, t) = $, v(j)a(i, j)/V(t). (7) 
We note that if w(i) is the saturation concentration of A(i) in the given solvent then 
clearly under the conditions stated we have cw(i, j) < o(i), and p(i, t) < w(i) for t, j E 
J(1, k), i E J(1, n). 
We now introduce the following notation 
v(t) = [u(l), u(2). . . v(t)19 
and 
(8) 
cu(i, t) = [a(i, l), a(i, 2). . . a(i, t)] 
and can thus express (7) in vector form 
p(i, t) = v(t)a(i, t)/V(t). 
(9) 
(10) 
We define the concentration vector 
B(t) = WY t). PC& t) . . . Bh t)l (11) 
concentrations of the substances 
‘(t). We can express this vector as a 
as the vector whose components are the 
A(l), A(2). . . A(n) in the solution of volume V 
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P(L t) cu(l, 1) a(l,2). . . (Y(1, t) P(t)’ = P(2; t)= L I[ 
v(l) 42; 1)4y.. . “‘T, t) u(2) IL1 : (12) mlt) . . cK(n,l) a(n,2)...c&t) v(t) 
thus calling the matrix of elements [ol(i, j)], i E J(1, n), j E J(1, t), and CK, we can write 
Eq. (12) in either one of the following forms: 
P(t)’ = cfv(flT/V(t), p(t) = v(t) = v(f)aT/V(t). (13) 
Consider now the following situation: The solutions s(l), s(2). . . s(k) are mixed in the 
natural order of their reference numbers, i.e., s(l) is mixed with s(2) giving the solution 
s(l,2) of volume V(2). s(l,2) is mixed with s(3) giving the solution s(l,2,3) of volume 
V(3), and so on. 
We represent the solution s(l) by the scator T(1) = S[v(l), a(l)], where (~(1) is the 
concentration vector of the solution s(l), i.e., a(l) = [(~(l, l), a(2, 1). . . a(n, l)]. 
Similarly s(2) can be represented by the scator T(2) = S[u(2), a(2)], where cu(2) = 
]a(17 2), a(29 2). . . o(n,2)]. The solution s(l,2), a mixture of s(l) and s(2), can be 
represented by the scator R(2) = S[V(2), Pml, where P(2) = Ml, 2), 
/3(2,2). . . p(n, 2)] = [v(lMl) + v(2)042)]/V(2) and V(2) = v(l)+ v(2). 
By adding s(3) to s(l,2), we obtain s(l,2,3). s(3) is represented by T(3) = 
S[v(3), a(3)], and we clearly have R(3) = T(1) + T(2) + T(3) = R(2) + T(3) = 
S[v(l) + u(2), pm + S]v(3), a(311 = S[V(3), P(311, where V(3) = u(l) + v(2) + v(3), and 
P(3)=[/3(1,3),/3(2,3).. . P(n, 3)l = [VW.W+ 7~(3M3N/V(3), i.e., P(3) = [v(lMl) + 
@M2) + v(3M3)1/V(3). 
We clearly see that we can represent the phenomenon by a scator for which 
f = [pcu + qpll(p + q), using the notation used earlier. Thus we clearly obtain for s E 
J(1, k), 
R(s) = R(s - 1) + T(s) = S[V(s), p(s)], (14) 
where 
V(s) = V(s - 1) + u(s), P(s) = [V(s - I>P(s - l)+ v(s)cy(s)]/V(s). 
There remains to define the zero scator and the additive inverse of a given scator for 
the f defined. Since for this f 
m, al + SPA PI = S[P, y] = SIP, al 
and it follows that S[O, p] is a zero scator. 
To define the additive inverse, we write 
(1% 
S[P, al + S[-p, a’] = s [P - p, p(pa_;‘)] = S[O, 61, 
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which is a zero scator but which leaves S undefined. We can lift the indetermination as 
follows: 
We take -p - E instead of -p and we let l -0, thus 
S[p, cl] + S(-p - E, a’) = s E, pa -“r’- E(Y’ [ I 
and taking CX’ = (Y, and then letting E -+O, we obtain 
SIP, aI + S[-P, al = SW, -al, (16) 
which is a zero scator. From a purely mathematical point of view the problem is solved, 
although the zero scator is not unique. 
It is possible to refine the problem by introducing the physical point of view: 
Under the same conditions as before, let u(j) be the volume of a solution s(j), 
j E J(1, k). Imagine a device that could extract from s(j) a solution s(a) of volume o(a). 
Let cu(j) be the concentration vector of s(j), and /?(a) the concentration vector of s(a). 
After the extraction is performed there remains a solution s(b) of volume v(b) and 
concentration vector P(b). We see that 
u(i) = u(a) + u(b), (17) 
since we may assume that there is, just as before, no volume contraction or expansion in 
the manipulation of the solutions. We assume also that the extraction and the possible 
remixing are “reciprocal” operations. As seen earlier we have 
i.e., 
cu(j) = B(a)‘(a) + P(b)‘(b) 
u(i) ’ 
4j)r(j) = P(a)u(a) + P(b)v(b) 
so that 
P(b) = a(i)u(i)-p(~)u(a) 
u(i) - u(a) * 
(18) 
(19) 
We assume now that u(a) = u(j), i.e., the extraction takes out all the volume present. 
This clearly means that the contents of s(j) will pass into s(a), i.e., p(a) = a(j). By 
letting u(a)+u(j), the limit of the expression of Eq. (19) will clearly be zero, i.e., the 
expression in Eq. (19) will not be indeterminate. It follows that if we write the stators 
for s(j), s(a), and s(b) we have first 
T(b) = T(j) - T(a) (20) 
and as u(a)+ u(j), T(b) = S[u(b), p(b)] = S[O, 01 = 0, which makes the definition of the 
zero scator and the additive inverse more plausible. 
5. FURTHER GENERALIZATIONS 
A more general form of a scator can be defined in the following manner: Let p and q 
be two scalars, and (Y and p two vectors, more specifically n-tuples. We define two 
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functions: (i) a scalar function cp(p, q, (Y, p), and (ii) a vector function V(p, q, a, p). The 
two functions cp and V have the following properties: 
(i) cp(P, 9, a, PI = dq, Pv a, B) = cp(P, 4, P, a> = cp(q, P, p, cy) 
(ii) dP, 0, a, 0) = cpK4 P, 0, a) = P 
(iii) cp(P, -p, % -a) = cp(-P, P, -a, a) = 0 
(iv) V(P, 4, % P) = V(q, PY w PI = V(P, 4, P, a) = V(q, P, PI a) 
(v) V(P, 0, a, 0) = w, p, 0, a> = c-x 
(vi) V(p, -p, a, -a> = V(-p, p -a, a) = 0. 
Let R be the set of generalized stators, and S, T, LJ E Sz, then S + T = LJ, where 
S = SIP, aI> T[w, PI, U = U[cp, VI. 
So far no applications of generalized stators have been found, although as mentioned 
earlier they seem to implement a rather powerful formulation of a variety of problems. 
We dare suggest that there is a possibility to represent problems in dynamic economics 
by scatorial analysis. 
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